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Abstract. Two generalized forms of the Pythagorean Theorem for rectangular tetrahedron are 
proved using only elementary methods: Pythagorean Theorem and Heron’s formula for the area 
of a triangle. 
Let R3 be the 3-dimensional Euclidean space. Let vs be the zero vector of Rs and ~1, 212, 
vg be mutually orthogonal nonzero vectors in R 3. The 3-simplex [VO, VI, ‘~2, vg] spanned by 
vi, i = 0, 1, 2, 3, is a rectangular tetrahedron and will be denoted by T. The faces of T 
are 2-simplexes Si, the a-simplex generated by vc, . . . , vg excluding vi for i = 0, 1, 2, 3. We 
ignore the orientation of simplex. ]Si] represents the area of the Zsimplex, or triangle, Si. 
THEOREM A. Let T be the tetrahedron and Si, i = 0, 1, 2, 3, its faces as defined above. 
Then the square of the area of the triangle So equals the sum of the squares of the area of 
ISi, i = 1, 2, 3, i.e., 
PROOF: We may assume VI = (a, O,O), v2 =i;tJ3,0), us = (0, 0,7) by applying an orthog- 
onal transformation if necessary. Let a = ]]vs - 0211, b = ]]vr - us]], c = 11212 - vr]] be the 
lengths of l-simplex [~2,~3], [v3,v1], and [vr,v2], the faces of Se. 
Since 01, 212, and vg are orthogonal, S1, 5’2, and Ss are right triangles. Hence, 
a2 = p2 + 7’ 
b2 = 72 + o2 
c2 X&p? 
Recall Heron’s formula for the area of triangle SO with sides a, b, c is 
ISol= JP(P - a)(~ - b)(p - 4 
where 
a+b+c 
P = 
2 . 
Equation (2) can be rewritten without using p as 
(a+b+c). (-a+b+c). (a-b+c). (a+b--c) 
2 2 2 2 ’ 
(1) 
(2) 
(3) 
which simplifies to 
,so, = f&d - b4 - c4 + 2a2b2 + 2b2c2 + 2c2a2) (4) 
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Substituting (1) into (4) and simplifying, we get 
ISol = +Y2/32 + p2y2 + y2a2). (5) 
Since 
Pll = ;Pr 
IS21 = fYll 
ISI = +A 
Equation (5) is equivalent to 
ISol = I&l2 + lS212 + l&12. 
This ends the proof. 
Theorem A shows a relation on 2-dimensional faces of T, but Theorem B shows a relation 
on faces of T at every dimension, i.e., 0, 1, 2, 3. 
THEOREM B. The k-dimensional faces S: ofT fork = 0, 1,2,3, have the following property. 
Let IStl = 1 for k = 0. Let I$l be the length, area, or volume of k-dimensional face S: 
depending on k = 1, 2, 3. 
(n - k) c 1st I2 = c IS; I2 (6) 
Wk jEJk 
where n = 3, Ik is the index set for the k-simplexes contiguous to ve, and Jk is the index 
set for those not contiguous to vo. 
PROOF: For n-simplex S” in general, each k-dimensional subsimplexes contiguous to vo is 
contiguous to (k + 1)-dimensional simplexes contiguous to ve, where there are (n - k) of 
them. For our case, n = 3. 
When k = 0, (6) re uces to 3lvel = lvrl+ 1~21 + 1~1, d w ic merely means there are three h h 
vertices in T other than VO. 
When k = 1, (6) follows from the Pythagorean Theorem applied to each P-simplex con- 
tiguous to VO, which is a right triangle. 
When k = 2, (6) is Theorem A. 
When k = 3, (6) follows from the observation that there is only one 3-dimensional simplex, 
namely T, which is contiguous to VO. This ends the proof. 
REMARK: Theorems A and B are true for higher dimensional simplexes spanned by the zero 
vector and non-zero orthogonal vectors in higher dimensional Euclidean space R”. See [l]. 
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